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The associates of Chris Kling at the Bridges Art and Math Banff Canada 2009.

From upper left Paul Hildebrandt, Chrls K. Palmer, Mike Stranahan, George Hart
and Walt van Ballegooijen toast to the memory of one of Chris Kling’s dream
realized successfully.

http://www.flickr.com/photos/zometool/
http://www.facebook.com/pages/Zometool/130294201808
http://www.flickr.com/photos/zometool/sets/72157621780116435/
Immersive Panorama by David Swart
http://www.flickr.com/photos/dmswart/
http://fieldofview.com/flickr/?page=photos/dmswart/3777244514
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1500 fingers, from ages 7 to 70, built a mas-
sive sculptural tribute to the late architectural
visionary, Jean Christophe Kling, at the Re-
naissance Bridges conference in Banff, Canada
this July.

5 meters in diameter and assembled from
approximately 50,000 tinkertoy-like parts, the
gossamer model is the largest of its type ever
attempted.

Kling dedicated his life to adapting “golden”
geometry, which underlies the structure of
universe, to architecture forms. This never-
before-realized design came from a prolific
portfolio of architectural forms Kling left after
his untimely death in March of this year. The
Banff installation was the first organized effort
of his associates, many of whom are attended
the Bridges conference, to carry his work
forward.

Golden geometry is a universal language
bridging art and mathematics, that tran-
scends cultural, political, economic and geo-
graphic boundaries. 150 mathematicians and
artists from all over the world (and several of
their children) assembled the small plastic
Zometool components into superstructures
that became the final sculpture on Wednes-
day. The work took some 250 person-hours,
performed during breaks between present-
ing and attending talks such as“Symmetry
and Transformation in the Musical Plane” and
“The Unique 11-Pointed Star Polygon of the

|Il

Topkapi Scroll.

Although it was built entirely from points and
straight lines (i.e., nodes and struts) the model
looks like a 3-dimensional “spirograph” draw-
ing, with organic curves that mimic life forms.
The underlying structure is derived from a
shadow of a 6-dimensional cube also known
as a Triacontahedron with rhombicosa-
dodecahedron nodes and polar zonahedra
struts.

The structure stood from the late afternoon
of its completion when we toasted to Chris’s
memory then over night till about one the
next day when a gust of wind knocked it
down.
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Real Tornado

Akio Hizume, Yoshikazu Yamagishi
Department of Applied Mathematics and Informatics
Ryukoku University
Seta, Otsu, Shiga, Japan

E-mail: akio@starcage.org
yg@rins.ryukoku.ac.jp

Abstract

The continued fraction expansion of a real number R > 0 generates a family of spiral triangular patterns, called
“tornadoes.” Each tornado consists of similar triangles, any two of which are non-congruent.

Basic Operation

Let R>0and0<s<1. In the plane, the sequence of points V' (j)=(s’ cos2x jR, s’ sin 27 jR)
for j =0,1,---, which we call the ‘vertices’, naturally converges to the origin. Fix an integerk > 0, which

is called the ‘modulo’ or the ‘step size’, and join the vertex V' (j)with V' (j+k) by the line segment
V(j)V(j+k) forj>0.

Fibonacci Tornado

The Fibonacci numbers f, are defined by

fi=fi=land f,=f ,+f, ., n>2.In the
previous paper [2], we showed that if k= f, | and

R=17, where 7=(1+ \/g)/Z is the golden ratio,
there exists a 0<s<1 such that the vertex
V(j+f,,) lands on the line segment

V(j+f,.,)V(j+ f,) foreach j > 0. By the Basic

Operation above, we obtain the spiral pattern of
similar triangles as shown in Figure 1 (k=2),
which is called a “tornado”. As k gets larger, we
could see that the tornado comes out like a blooming
flower, while the argument jR of each vertex V()

remains unchanged.

Remark that the well-known spirals as in Figure
2 are different from our tornadoes because they have
congruent triangles.

Figure 1: Fibonacci Tornado. [7,3,5]
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Akio Hizume+Yoshikazu Yamagishi "Real Tornado" (2/4)

R=Cot+ 1 Po/90 Oth convergent
C+_ 1 P/ Ist convergent
Ct 1 P2/q2 2nd convergent
G+ _ 1 Ps/qs 3rd convergent
Cn+ 1 Pv/9n n-th convergent
Figure 2 : 4 Non-Fibonacci Tornado. Figure 3 : Continued Fraction and Convergents

Real Tornado

A generic real number R also generates a family of tornadoes. As is well-known (see [1]), the continued
fraction expansion of R as in the Figure 3 is defined by R=C, + &,,0<¢,<1,and 1/¢, =C,,, + ¢

0<¢

Euclidean algorithm and stops when &, = 0. The n-th convergent p, /g, is defined by p, =C,, q, =1,

n+l n+l >

w1 <1 for n>0, where C, are called the partial denominators. If R is rational, it is related to the
p=Cpy+l,q=C,andp,,=C p,+D,1> 40 =C,4q, +q,, for n>0. 1t is known that
p, ! q, are the best approximations of R , where
&<&<...<R<...<&<& &_R m_R
40 94 4 9 q, 9

For example, the convergents of R = \/5 are 1/1, 2/1, 5/3, 7/4, 19/11, 26/15, 71/41, .... The denominators
q,andq, , are coprime.

, and > for n>0.

Choose any pair of consecutive convergents p, /g, and p,.,/q,.,, and denote byg=¢q,andq' =q,,, .

Define the step size by k =¢'—¢ . Then there exists a unique 0 <s <1 such that under the Basic

Operation the vertex V' (j+ ¢ +¢') lands on the segmentV (j + q)V'(j +¢') and we obtain a spiral
pattern named as the tornado [R,q,q'], consisting of similar triangles T,=AV(WV(G+aV(ji+q)
for j > 0. Figure 4 presents the tornadoes [R,¢,q']= [\/5,3,4] and [\/5,4,1 1].

The basic idea of the Real Tornado was originally published in Japanese in [3]. Here we show how to
find a O0<s<1 . Denote the

length of the three edges of T;
by

B

a()=[VG+V(+q)
b() =V GV Gi+q),
c()=r G (i+q).

[v3,3,4] [v3,4,11]
Figure 4 : /3 Tornado.
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Akio Hizume+Yoshikazu Yamagishi "Real Tornado" (3/4)

By Figure 5 we can see that 3-

a(j) [\

=G +aVii+q) ) o, \ 5

=VG+aVGi+q+a)+VG+a+aW(Gi+q) '. ?\{ﬁm o))

=S WG+ )+ PGV +4) 2 2y, /

= 5e(j) + 5" b)), SO

The three angles of 7' ;are Q) vty
¢=27Rq' =27R(q + k), 6 =-27Rq,and 0 =27Rk Figure 5 : Principle.

or

¢p=-27Rq'=-27R(q+k), 6 =27Rq,and 6 =-27Rk,
where the signs are chosen to satisfy that sin¢,sin ¢ and sin @ are all positive. The law of sines is
expressed by

a(j) _ b(j) _ <))

sinf  sing sing’
and we obtain the equation

57 sin(2zRq) — s? sin(2zRq") + sin(2zRk) = 0.
It is easy to see that this equation has a unique solution 0 < s <1.

Additional Results
Conversely, we can also prove that any possible tornado[R, ¢,¢'] with g,q" positive is related to the

continued fraction expansion of R .
Theorem: Let R be a real number and ¢, ¢’ positive integers. There exists a tornado[ R, ¢, q'] if and only

+
if R has a convergent Pu yndan (intermediate) convergentM ,0<c<C,,,, where we denote
qn an + qn—l
Y P=Pq =9, P =P, + Py and g'=cq, +q,,,, such that
(1) R is distinct from P and—, that is, P <R< £, orL, <R< P ,and
q q q 9 49 q

() |{qR} — {q'R}| >1/2 , where 0 <{x}=x— [x] < 1denotes the fractional part.

See [4] for the proof and further discussions. Note that the golden ratio 7 is a special irrational number
which has no intermediate convergents.

Acknowledgements

The authors would like to thank the reviewers for their helpful comments and suggestions. They
suggested to consider the equation z/** =az" + (1—a) with 0 <a <1 given, where ¢ and k are

relatively prime. By experiments, they claim that the tornado [R, g, q + k] is obtained by using the root
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Akio Hizume+Yoshikazu Yamagishi "Real Tornado" (4/4)

z=se”™® #1of the largest magnitude. Note that in our setting above, the ratio tends to 0 or 1 as R
approaches to p/q or p'/q' respectively.
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Figure 6 : Real Tornado Samples.
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1. Fibonacci Tornado D #1 ¥ B X

Fibonacci Tornado (X HREFH A RIC L > TEOGNIZ D TH Y, & THEZR =M THEAR
INHHAV T ThD, FFIZK 1, 2D0HOIE mod2 @ Fibonacci Tornado, mod3 ¢
Fibonacci Tornado & FEIEN TV %, Z D 2 5D Fibonacei Tornado ([ DWW T HEEKIC X
S TV BN 1 ST HOFEL TV L HER D> T D, FTOMURAK&IE, [1]1&(2]
IZBWT MR UNEZEE] & LTRSS TEY, [8JIcEBV T Fibonacci Tornado D7 ¥ #k
BRI SN TS, 22T, BRI &7z mod2 @ Fibonacci Tornado D41 ¥
MBI DWW T, 120 Fibonacei Tornado (247 0 #REBAIKIAS 1 5 L 2MF/E L TV R0
DINEIMENIFEEEZT,

1 : mod2 @ Fibonacci Tornado 2 : mod3 @ Fibonacci Tornado

£7°, mod2 @ Fibonacci Tornado DYt W B Z{EL ICHTe - TED L IR L %
WO MERENT D, T T, MR =AEZA Y T EHRT DT OICERERD S5 %
o, BARELRDEERIL, z=re" THY, S5 35 #H\5, 0 1 Fibonacci
Tornado TH D728, dHAO/NEE Y & 722 40 AERBHMITHMZ TV AL HF =ML~
ANEED D7D T, ERMIZIIK3ID LI, VA2 & a2EZX D,

3 VAL FET=AWIANEED

2009
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Takamichi Sushida “Fibonacci Tornado D7V #KEBIX” (2/6)

X 3 DAEMMOKO = A 2P0 AL HETEDICIE, K3OFROKD X HIZ, AFR A
EalEy, M3 OLAMORIEO X I, WAKO XA NEFVIALTIELEFNRTED, =
DEZ ST THOBEBNEZIELENTEDLN, A4V T aERT 51X DEIEFICE
S EADWMAIEL A NPRHEIZR Y, FEETIII 0 RERKZ MR T 2 FRRECR S
BROT, FRICHR LX) ICEEREH, E5ICAREE Fofh) 225K T
X4 D% 572 BEEKOPT 0 MR % @B K T & 72,

4 : mod2 @ Fibonacci Tornado O #1 V #REBX ([3] & Rk OT v MEBAX)

BHEBENNLHET, ZOWMABIANEZA Y 7 e Lice s, HEVHLE2E S FEN
Do TeDT, AERICE 29TV MERKOBOERY J7& LT, M50 X9 240tk
BISFEL TV D IR DD T,

5 : mod2 ® Fibonacci Tornado D7V #EBAXI(1)

ZOTATTLUMIZ Z THEHR LIZWEL, TVIALEC=AEI ANV EZELUATE
ATV IADFET =ML A NVNTE LD THILE, mod2 @ Fibonacci Tornado 7>
LBATETHIVWEWVWIETHL, TDOLITLTEZLNIZENK6 DAL Z A /L
ThbH, HEKOMWAF X A /L) mod2, stepd TH D &T4UE, X 61Lmod2, stepb il
S>TWET, (mod & step (X NI KB DOX—I2 T, WAL A VERITT D
BRIZFER L TH<, )

mod 2

6 : mod2, stepb PIUMEZ A )L
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Takamichi Sushida “Fibonacci Tornado D7V #KEBIX” (3/6)

ZDOWAFH A VI L > THERL S 115 mod2 @ Fibonacei Tornado @31V HEBFX XX 7
DEIThD,

7 : mod2 @ Fibonacci Tornado D31V #EEBAX(2)

512, HEKOLDOTHEH oL 912, ZOMAEZANLNEZAL Y I ThiuIEHEE
HEEEYFITRDOT, K8DXHRITVMEMNEEZEZDIENTEX S,

8 : mod2 @ Fibonacci Tornado D7V #EBAX(3)

mod2 ® Fibonacei Tornado (Z2WTOH VMEAKIZIZ D4 27Z1TF THLH0E 9 L E
Lo TUIWRWD, ZOEFEHROSINZ L > THUAESZ A Va2 T 2 F CThax 4T
DHBRANRZEZEZDENTEHLEVWIERPHEINET, £/, [4liZEB T2 [Real
Tornado) OV MEFAKI &NV BONFIEL TNDENE I MR REE L TR LN ET,

S 3K

(1] AakE%n7- T U2 EE ]  MANIFOLD #05 Jul.2002. P.3~P.5.

(2] Aif%nv- [fe : AU EE] MANIFOLD #12 Feb.2006. P.3~P.8.

(3] HESHAY ML =AM TR S D 3P/ "% —> ]  MANIFOLD #11 Aug.2005. P.7~
P.11.

[4] BF5H S [Real Tornado) MANIFOLD #16 Jan.2008. P.8~P.11.

W
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Takamichi Sushida “Fibonacci Tornado DY fRJEFIX" (4/6)

FIBONACCI TORNADO in ORIGAMI mod2
Takamichi Sushida / Akio Hizume (2009)

X9 : ProMREBNMZ YTV AL LD (T IAZITEBAK Oz £ T)

mod 2

10 : Fibonacci Tornado Ot ¥ #URBAK (1) GFHraz@EPETRRLIZHD)
2
10 (X mod2, step3 PPV MEBHTHSL, ¥ A L& —D
o4&, AROLS1272Y, mod & step IZMUMATE DIt &
MOFZOWY FFTho, #d e &, AT, h
PIAMZILHT v iz LT <,
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Takamichi Sushida “Fibonacci Tornado DY fRJEFIX” (5/6)

FIBONACCI TORNADO in ORIGAMI mod2
Takamichi Sushida / Akio Hizume (2009)

11 : Fr MR Z T VAALTE SO (T VIARITERIK OEF £ T)

12 : Fibonacci Tornado O W #REBHX (2) (FEz@&PETERRLIEZEHD)

-

12 (X mod2, step 5 DIV MEHKTH D, ¥ A V& —D 5
BT L&, AROLI127Y, mod & step IXPUMATE Dt & step 5 R
BEOFESOIRY HThb, #id LT, MAREIATY, £ 3 o
PAHMTIPT v I LT,

mod 2
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Takamichi Sushida “Fibonacci Tornado DY fRJEFIX" (6/6)

FIBONACCI TORNADO in ORIGAMI mod2

Takamichi Sushida / Akio Hizume (2009)

13 FroMEAKIZIT VAL SO (T VIAZITERBIK D& £ T)

14 : Fibonacci Tornado O 0 #REBHX (3) (FHz@&PETERLIEZED)

-

14 (X mod2, step 5 DIV MBI TH D, ¥ A NVE—D 5
BT &, AROLS127Y, mod & step IZPUMATE Dt & step 5 R
BEOFE SO HThbd, M120bDELFELZA NI D, 5 0
o & X, JMABIRITY, ZnSNILFrvicL T,

mod 2
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Akio Hizume “HRELESEEZDS>T” (1/4)
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